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Let S be a finite set of order n. Let C(n, 4,2) be the minimum number of 
quadruples such that each pair of elements of S is contained in at least one of 
them. In this paper C(n, 4,2) is determined for all n divisible by 3. The case in 
which n is not divisible by 3 will be treated in a second paper. 
1. INTRODUCTION 
Let S be a finite set of order n. For n 3 a > b, let C(n, a, b) be the 
smallest integer c such that there exist c subsets, S, , S, ,..., S, , of S, each 
of order a, with the property that any subset of S of order b is contained 
in at least one of the sets S, , 1 < i < c. 
Let [xl denote the smallest integer that is at least X. 
Fort and Hedlund [4] have shown that 
Ch 3,2) = [y+ll, n > 3. 
ErdGs and Hanani [3] have shown that 
for any fixed a. 
Moreover C(n, 4, 3) has been partially evaluated [5,8]. 
In this paper and a following one we study C(n, 4,2). 
By pairs, triples, quadruples, and quintuples we will mean unordered 
sets of orders 2, 3, 4, and 5, respectively. We will say that the sets 
Sl 3 s2 Y---Y S, cover a pair if that pair is contained in at least one of the sets 
Si , 1 < i < c. Thus C(n, 4,2) is the minimum number of quadruples 
that cover all pairs of S. 
55 
Copyright 0 1972 by Academic Press, Inc. 
AU rights of reproduction in any form reserved. 
56 MILLS 
Set c = 
covers all 
: C(n, 4,2) and let Q, , Q, ,..., Qc be a set of quadruples that 
pairs of S. Let s be a fixed element of S, and let Q(s) be the 
number of quadruples Qi that contain s. Since there are exactly n - 1 
distinct pairs that contain s, and since each Qi containing s contains 
exactly three such pairs, we have 
Q(s) Z (n - 1)/3. 
Since Q(s) is an integer this gives us 
Q(s) b Kn - O/31. (1) 
Summing (1) over all s in S we obtain 
Set 
4C(n, 4,2) = C Q(s) 2 nl(n - 1)/31. 
sa 
UN = [s Kn - 1)/31]. 
Since C(n, 4,2) is an integer we have 
C(n, 4,2) 3 Jqn) (2) 
for n > 4. For n = 1,2,3, it is convenient to define C(n, 4,2) in the 
natural way: 
C(l,4,2) = 0, 
C(2,4,2) = C(3,4,2) = 1. 
Then (2) holds for every positive integer n. 
The inequality (2) can be readily generalized [l l] to give a lower bound 
for arbitrary C(n, a, b). 
For n = 1 or 4 (mod 12) the lower bound L(n) becomes 
L(n) = n(n - 1)/12. 
For these values of Iz, Hanani [6] has shown that there exist L(n) quadruples 
such that each pair belongs to exactly one of them. Thus we have 
Ch 492) = W), II = 1,4 (mod 12). 
Hanani’s methods enable us to construct the r;(n) quadruples in any 
given case. Hanani [6,7] has also proved the corresponding result for the 
more difficult case C(n, 5,2). 
ON THE COVERING OF PAIRS BY QUADRUPLES. I 57 
2. MULTIPLICITIES 
Henceforth we suppose that n is a multiple of 3. Then [(n - 1)/3] = n/3 
so that our lower bound is given by 
L(n) = [?2”/12] = $12 3),12, if. ; - ; ;zn$;;; 
We suppose, for the rest of this section, that c = C(n, 4,2) = L(n) and 
that Q1 , Q2 ,..., Q. is a collection of quadruples covering all pairs of S. As 
before let Q(s) be the number of sets Qi containing the element s. By (1) 
we have Q(s) 3 n/3. Now 
z Q(s) = 4C(n, 472) = 4Un). 
First consider the case IZ = 0 (mod 6). Here we have 
2 Q(s) = 4%) = n2/3, 
so that Q(s) = n/3 for all s in S. Therefore, for any given s, the quadruples 
Qi contain a total of n pairs containing s. Since there are it - 1 distinct 
pairs containing s, it follows that one of them occurs exactly twice and the 
others exactly once in the sets Qi , 1 < i < c. This gives us the following 
result: 
LEMMA 1. Suppose that n = 0 (mod 6) and that Q, , Q2 ,..., QC is a 
collection of L(n) quadruples covering all pairs. Then there are n/2 disjoint 
pairs which occur exactly two times each in the quadruples Qi . Each of the 
remaining n(n - 2)/2 pairs occurs exactly once. 
Next suppose that n = 3 (mod 6). Here we have 
2 Q(s) = 4L(n) = 1 + n2/3. 
Since Q(s) 3 n/3 for all s in S, we have Q(t) = 1 + n/3 for a single 
element t in S, and Q(s) = n/3 for all s in S, s # t. For each s in S, s # t, 
there is one pair containing s that occurs exactly twice in the quadruples 
Qi . Each of the other pairs containing s occurs exactly once. It now 
follows that no pair occurs more than twice. Since Q(t) = 1 + n/3, it 
follows that t occurs in n + 3 pairs. Hence there are four pairs containing 
t that occur twice. Each of the remaining n - 5 pairs containing t occur 
only once. In addition to the four pairs containing t, there must be exactly 
(n - 5)/2 other pairs that appear twice. Thus we have the following 
result: 
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LEMMA 2. Suppose that n = 3 (mod 6) and that Q, , Q, ,. .., Q is a 
collection of L(n) quadruples covering all pairs. Then there are (n f 3)/2 
pairs that appear exactly twice in the quadruples Qi . The remaining pairs 
appear in exactly one quadruple. There is an element t that belongs to 
exactly four of these (n + 3)/2 pairs. Each of the remaining elements of S 
appears in exactly one of these pairs. 
When n = 3 (mod 6) and C(n, 4,2) = L(n) it may happen that one of 
the quadruples is of the form {t, cy, /3, r}, where each of the pairs {t, CX}, 
{f, /3}, (t, r} occurs twice. In this case we may delete the element t from 
this quadruple, and obtain a set of one triple and L(n) - 1 quadruples 
which cover all pairs of S. It is quite likely that this happens for all n = 3 
(mod 6), n # 9. In this case the elements a, /3, y of the triple do not occur 
in any repeated pairs. However, each of the remaining n - 3 elements 
appear in exactly one pair which occurs twice. 
Lemmas 1 and 2 are not needed in the major proofs of this paper. 
However, they were indispensable in finding these proofs. 
3. ORTHOGONAL LATIN SQUARES 
Let m be a positive integer, m # 2, 6. Bose, Shrikhande, and Parker [2] 
have shown that there exist orthogonal Latin squares A = (aid) and 
B = (bri) of order m. Thus A and B are m by m matrices, whose elements 
may be supposed to be the integers from 1 to m, such that 
(i) each row of A, each row of B, each column of A, and each column of 
B contains m distinct elements, and 
(ii) the m2 ordered pairs (aij , bij) are all distinct. 
We consider the set S of ordered pairs (r, t), 1 < r < 4, 1 < t < m. 
Let Qii be the quadruple 
(1, 4 (2,j) (3,~) (4, bd. 
By (i) and (ii) each pair (rI , tJ, (r2 , t2) of S, with rl # r2 , is contained in 
exactly one of the m2 quadruples Qij . We may replace the integers from 1 
to m by the elements of any set T of order m. This gives us the following 
well-known result: 
LEMMA 3. Let m # 2, 6, and let T be any set of order m. Let S be the 
set of ordered pairs (r, t), I < r < 4, t E T. Then there is a set of m2 qua- 
druples such that each pair (rl , 1 , t ) (r2 , t2) of S with rI # r2 is contained 
in exactly one of these quadruples. 
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LEMMA 4. Let T be a set of order m and U a subset of order 1. Let R be a 
set of order 4, and let S be the set of ordered pairs (r, t) with r E R, t E T. 
Let A, and B, be orthogonal Latin squares of order 1 whose elements belong 
to U. Then Al and BI can be extended to orthogonal Latin squares of order m 
tf and only if there exist m2 - l2 quadruples that cover all pairs of S of the 
form (rl , t&, (r2 , tz) where t, and tz are not both in U and r, # r, . 
Proof. Without loss of generality suppose that R is the set of integers 
from 1 to 4, T the set of integers from 1 to m, and U the set of integers 
from 1 to 1. We set A, = (ai?) and Bt = (bij); 1 < i, j < 1. 
Suppose first that A, and B, can be extended to orthogonal Latin 
squares of order m, say A = (Q) and B = (b& 1 < i, j < m. We take 
our m2 - l2 quadruples to be the quadruples of the form 
(1, i> (U) (3, ad (4, &A 
where at least one of i, j is greater than 1. Since A and B are orthogonal 
Latin squares and A, and B, are orthogonal Latin subsquares, it follows 
that this set of quadruples has the desired property. 
Next suppose that there exists a set of m2 - l2 quadruples that cover all 
pairs of S of the form (r 1 , tl), (r2 , t2) with r1 # r2 and at least one of 
t, , t, greater than 1. Since there are 6(m2 - 1”) such pairs and since each 
quadruple contains exactly six pairs, it follows that each such pair is 
contained in exactly one quadruple and that no quadruple contains any 
pair not of the required form. Therefore each quadruple of our set is of 
the form 
(1, i> (Zj) (3,~) t4,4, 
where at least one of i, j is greater than 1. For each such quadruple we set 
c = aij and d = bij . This determines aij and bij uniquely for all i, j, at 
least one of which is greater than 1. Thus we have defined m by m matrices 
A and B that are extensions of A, and BI respectively. The properties of 
our set of quadruples imply that A and B are orthogonal Latin squares. 
This completes the proof. 
Now suppose that m = 0 or 1 (mod 4). In the preceding paper [IO] it 
was shown that there exist three mutually orthogonal Latin squares 
A = (a,$), B = (bij) and C = (cu) of order m. We may permute the 
elements of these three squares to achieve 
ay = bIi = cli = j, 1 < j Q m, (3) 
without destroying the mutual orthogonality of the Latin squares. As 
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before let S be the set of ordered pairs (r, t), 1 < r < 4, 1 < t < m. Let 
R,, be the quadruple 
Uxi) (2, 4 (3, bid (4, cd. 
It follows from (3) and the properties of A, B, C that each pair of S of the 
form (rl , tl), (r2 , tz) with r1 # r2 and t, # tz is contained in exactly one 
of the m(m - 1) quadruples Rii ,2 < i < m, 1 < j < m. We may replace 
the integers from I to m by the elements of an arbitrary set T of order m. 
This gives us the following result: 
LEMMA 5. Suppose that m = 0 or 1 (mod 4) Let T be any set of order 
m. Let S be the set of ordered pairs (r, t), 1 < r < 4, t E T. Then there is a 
set of m(m - 1) quadruples such that each pair (rl , tl), (r2 , tz) of S with 
rl # r2 and t, # t, is contained in exactly one of these quadruples. 
LEMMA 6. Suppose that m = 0 or 1 (mod 4). Let 0 < 6 < m. Let S be 
the set of order 4m + 6 that consists of the 4m ordered pairs, 
(r, s), 1 < r < 4, 1 < s < m and the 6 ordered pairs (5, s), 1 < s < 6. 
Then there is a collection %Y of m6 quintuples and m(m - 8) quadruples 
such that each pair of S of the form (rl , tl), (r2 , t.J with rl # r2 is contained 
in exactly one of the elements of Gs. 
Proof. We have already observed that there exist three mutually 
orthogonal Latin squares A = (a& B = (b& and C = (cij), of order m. 
For the mS pairs i, j such that cii < 6 we take the quintuples 
(1, i> (2,j) (3, ad (4, bd (5,~). 
For the m(m - 6) pairs i, j such that cii > 6 we take the quadruples 
(1, i> Gj) (3, ad (4, bd. 
This collection of quintuples and quadruples has all the desired properties, 
so the proof is complete. 
4. THE MAIN Toots 
Set 
d(n) = C(n, 4,2) - L(n). 
Clearly d(n) > 0 for all n. Our aim is to prove d(n) = 0 for all n divisible 
by 3, except n = 9. In this section we prove a series of lemmas that will 
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enable us to prove this result by induction once we have established it for 
a number of small values of n. 
LEMMA 7. If k > 2, then 
A(24k) < 4A(6k). 
Proof. Set n = 24k and let the n elements of the set S be the ordered 
pairs (I, t), 1 < r < 4, 1 < t < 6k. Let Qi , 1 < i < 36k2, be a set of 
36k2 quadruples, whose existence is guaranteed by Lemma 3, that cover 
all pairs (rl , t,), (r2, tz) of S with rl # r2 . Set e = C(6k, 4. 2). For each 
r, 1 < r < 4, let T,, , T,, ,..., T,, be a set of e quadruples that covers all 
pairs of S of the form (r, tl), (r, tz). The 36k2 quadruples Qi , 1 < i < 36k2, 
and the 4e quadruples T,., , 1 < r < 4, 1 < zf < e, cover all pairs of S. 
Hence 
Now 
C(n, 4,2) < 36k2 + 4C(6k, 4,2). 
and 
L(n) = n2/12 = 48k2 
Therefore 
L(6k) = 36k2/12 = 3k2. 
and 
A(n) = C(n, 4,2) - 48k2 
so that 
A(6k) = C(6k, 4,2) - 3k2, 
A(n) < 4C(6k, 4,2) - 12k2 = 4A(6k), 
and the proof is complete. 
LEMMA 8. For all non-negative integers k we have 
A(24k + 21) < 4A(6k + 6). 
Proof. Set n = 24k + 21 and let the n elements of the set S be the 
ordered pairs (r, t), 1 < r < 4, 1 < t < 6k + 5, and one additional 
element X. Let Qi , 1 < i < (6k + 5)2, be a set of (6k + 5)2 quadruples, 
whose existence is guaranteed by Lemma 3, that covers all pairs of S of 
the form (rl , tl), (r2 , t2) with r1 # r2 . Set e = C(6k + 6,4,2). For each 
r, 1 < r < 4, let V, denote the subset of S consisting of the element x and 
the 6k + 5 ordered pairs (r, t), 1 < t < 6k + 5. Let TT1 , T,, ,..., T,, be a 
set of e quadruples that covers all pairs of V,. . The (6k + 5)2 quadruples 
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Qi and the 4e quadruples T,, , 1 < r < 4, 1 < u < e, cover all pairs of 
S. Hence 
C(n, 4,2) < (6k + 5)2 + 4C(6k + 6,4,2). 
Now 
and 
L(n) = (n” + 3)/12 = 48k2 + 84k + 37 
Hence 
L(6k + 6) = (6k + 6)2/12 = 3k2 + 6k + 3. 
d(n) = C(n, 4,2) - 48k2 - 84k - 37 
< 4C(6k + 6,4,2) - 12k2 - 24k - 12 
= 4A(6k + 6), 
and the proof is complete. 
LEMMA 9. Let R be a set of order 3 and W a set of order h where h = 4 
or 5. Let S be the set of ordered pairs (r, w) with r E R, w  E W. There is a 
set of 3X(h - 1)/4 quadruples such that each pair (rI , wl), (r2 , wz) of S 
with w1 # w2 is contained in exactly one of them. 
Proof. Without loss of generality we may suppose that R consists of 
the integers modulo 3 and that W consists of the integers modulo A. For 
h = 4 we take the 9 quadruples of S of the form 
(rl ,O> (r2 , 1) (rl + r2 ,2) (II - r2 , 3). 
For h = 5 we take the set of 15 quadruples of S of the form 
(r, 4 (r, w  + 1) (r + 1, w  + 2) (r + 1, w  + 4). 
In either case the set of quadruples has the desired properties and the 
lemma is proved. 
For h = 4, Lemma 9 is a special case of Lemma 3. 
Let N* denote the set of all rt such that all pairs of a set S of order n can 
be covered by one triple and L(n) - 1 quadruples. For all n in N* we must 
have C(n, 4,2) = L(n) and d(n) = 0. It follows from Lemma 1 that N* 
contains no multiples of 6. 
LEMMA 10. Let T be a set of order m. Let VI, V, ,..., V,; WI, W, ,..., W, 
be subsets of T. Let Oi be the order of Vi and Aj be the order of Wi . Suppose 
that 
(i) the sets Vi are disjoint, 
(ii) T is the union of the sets V, , 1 < i < g, 
(iii) ei is even for i < g, 
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(iv) 4(38J = 0, 1 < i < g, 
(v) &=4or5,1 <j<h,and 
(vi) each pair of T is contained in exactly one of the g + h sets V, , Wj . 
Then A(3m) = 0. Moreover, $38, E N*, then 3m E N*. 
Proof. Set n = 3m and let the n elements of the set S be the ordered 
pairs (r, t) where 1 < r < 3 and t E T. For 1 < i < g let Yi be the set of 
order 38, consisting of those elements (r, t) of S with t E Vi . Set 
c(i) = C(3di, 4,2) 
and let Si, , Siz , Sic(i) be a set of c(i) quadruples that covers all pairs of Yi . 
By (iv) we have c(i) = L(3ei). Set e(j) = 3hj(Xj - 1)/4. For each j, 
1 <j < h, let Tj, , Ti, ,..., Tie(j) be a set of e(j) quadruples, whose 
existence is guaranteed by Lemma 9, that covers all pairs (rl , t3, (r2 , tz) 
of S with tl and t, distinct elements of Wj . The Si, and the Tj, cover all 
pairs of S. Let c denote the total number of these sets Si, , Tj, . We must 
show that c = L(n). We have 
C = i L(3ei) + i e(j). 
i=l j=l 
Since each pair of T is contained in exactly one of the sets Vi , W, we have 
m(m - 1)/2 = i ei(ei - 1)/2 + 5 hj(hi - 1)/2. 
i=l j=l 
Since T is the union of the disjoint sets Vi , we have m = Zei , and 
therefore 
m2 = i ei2 + 4 i e(,j)/3. 
id j=l 
For i < g we have fIi even by (iii). Hence 
Moreover 
q3ei) = (3epj12 = 30i2/4, i < g. 
so that 
m = i Bi = 0,(mod 2) 
i=l 
It follows that 
n = 3m = 30, (mod 6). 
L(n) - L(38,) = ny12 - 38,214, 
58=/13/I-5 
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whether n is even or odd. Therefore 
L(38,) = 38,214 + L(n) - 3m2/4. 
Putting these relations together we obtain 
c = i L(3ei) + i e(j) 
id j=l 
= i 3eiy4 + L(n) - 3m2/4 + i e(j) = L(n). 
i=l j=l 
Therefore we have 
C(n, 4,2) < c = L(n), 
so that d(n) = 0. Finally, if 30, E N*, then we may replace S,, by a triple, 
and the pairs of S are covered by one triple and c - 1 quadruples, so 
that n E N*. This completes the proof. 
The next lemma is our chief tool in our induction proofs. 
LEMMA 11. Suppose n = 48k + 36 with 4k > 6 > 0 and 
d(12k) = A(36) = 0. 
Then A(n) = 0. Moreover, if 36 E N*, then n E N*. 
Proof. Set m = n/3 = 16k + 6. For 1 < i < 4, let Vi be the set of 
order 4k consisting of the ordered pairs (i, U) with 1 < u < 4k. Let V, be 
the set of order 6 consisting of the ordered pairs (5, U) with 1 < u < 6. 
Let T be the union of the disjoint sets Vi, 1 < i < 5. Then T has order m. 
Let Wj , 1 < j < 16k2, be a collection of 4ka quintuples and 4k(4k - 6) 
quadruples, whose existence is guaranteed by Lemma 6, such that every 
pair (4 ,d, (4 , 2 u ) of T with il # i2 is contained in exactly one of them. 
We now apply Lemma 10 to conclude that A(n) = 0 and that, if 36 E N*, 
then n E N*. This completes the proof. 
Our next lemma is a special case of a result of Hanani [6]. 
LEMMA 12. Suppose that m = 20k + 5, where 4k + 1 is a power of a 
prime, and let T be a set of order m. Then there exists a set of m(m - 1)/20 
quintuples such that each pair of T is contained in exactly one of them. 
Proof. We may suppose that the set T consists of the ordered pairs 
(r, w) where r E GF(5) and w  E GF(4k + 1). Let u be a primitive element 
of GF(4k + l), and set 7 = CT~ so that T is a primitive fourth root of unity. 
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We take our quintuples to be the 4k + 1 quintuples of the form 
(0, 4 (124 (2, WI (3,w) (4, w> 
and the km quintuples of the form 
(r, w + uU) (r, w - uU) (r + 1, w  + a+) (r + 1, w  - 09) (r + 3, w). 
with 0 d u < k - 1. It is readily seen that each pair of T is contained 
in exactly one of these quintuples, which completes the proof. 
LEMMA 13. Suppose that either k = 0 or k is a positive integer such that 
4k + 1 is apower of aprime. Then 60k + 3 is in N* and 
d(60k + 6) = d(6Ok + 12) = 0. 
Proof. Suppose first that k = 0. Since L(3) = 1 we have 3 E N* and 
A(3) = 0 by definition. 
II = 6. We have L(6) = 3. Let S be the set of integers modulo 6. The 3 
quadruples of the form 
s s+1 s+3 St-4 
with s = 0, 1, 2 cover all pairs of S. Therefore A(6) = 0. 
II = 12. We have L(12) = 12. Let S be the set of integers modulo 12. 
The 12 quadruples of the form 
s s+l s+4 s+6 
cover all pairs of S. Therefore A(12) = 0. 
Now suppose k > 0 and 4k + 1 is a prime power. Set n = 60k + 36, 
where 6 = 1,2, or 4. Let T be a set of order 20k + 5. By Lemma 12 
there is a set of quintuples Q, , Q, ,..., Qc of T, such that each pair of T is 
contained in exactly one of them. Let us suppose that Q, is the quintuple 
t1 tz t3 t4 t5 - 
Delete ts+l ,... , t, from T and from every Qi that contains one or more of 
them. Call the resulting sets T’, Qd’, 1 < i < c. Then T’ has order 
n/3 = 20k + 6, and Q,‘ has order 6. For i > 1, Qi and Q, can have at 
most one element in common. Hence, for i > 1, the set Qi’ has order 4 
or 5. Moreover, each pair of T’ is contained in exactly one of the subsets 
Qi’. Exactly 5k + 1 of the sets Qi contain the element t, . Let 
Vj , 1 < j < 5k + 1, denote the corresponding Qi’. Then T’ is the disjoint 
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union of the subsets Vj . One of these subsets has order S and the other 
5k of them have order 4. Let Wj , 1 < j < c - 5k - 1, be the remaining 
Qi’. Now 4(12) = d(3S) = 0 by our result for k = 0. Therefore we can 
apply Lemma 10 to conclude that d(n) = 0 and, moreover, if S = 1, 
then n E N*. This completes the proof. 
Let Y be the set of order 28 consisting of the ordered pairs (r, u) where 
r is an integer modulo 7 and 0 < u < 3. Hanani [6] has given a set of 
63 quadruples such that each pair of Y belongs to exactly one of these 
quadruples. This set can be broken up into 9 blocks of 7 quadruples each, 
such that the 7 quadruples in any given block are disjoint. For any fixed r 
there is a block that consists of the 7 quadruples: 
(r, 0) (r, 1) (r, 2) (r, 3) 
(r + 1,O) (r + 3,O) (r + 4, 1) (r + 5, 1) 
(r + 1, 1) (r + 3, 1) (r + 4,2) (r + 5,2) 
(r + 2,2) (r + 6,2) (r + 1,3) (r + 3, 3) 
(r + 2,3) (r + 6,3) (r + 4,O) (r + 5,O) 
(r + 2,O) (r + 60) (r + L2) (r + 3,2) 
(r + 2, 1) (r + 6, 1) (r + 4,3) (r + 5, 3) 
The remaining two blocks are the 7 quadruples of the form 
(r, 0) (r + 6, 1) (r + 5,2) (r + 3, 3) 
and the 7 quadruples of the form 
(r, 0) (r + 5, 1) (r + 3,2) (r + 6, 3). 
This cotiguration shows that C(28,4,2) = 63. Using it we will prove 
the following result: 
LEMMA 14. Suppose m = 28 + S where 0 < S < 8 and S = 0 or 
A(3S) = 0. Then A(3m) = 0. Moreover, if36 EN*, then 3m EN*. 
Proof. For S = 0 we apply Lemma 10 directly to the above Hanani 
configuration. We take the Vi to be the 7 quadruples in one of the blocks, 
and the Wi to be the remaining 56 quadruples. Since A(12) = 0 by 
Lemma 13, this gives us A(3m) = 0. 
Now suppose S > 0. We take the set T of order m to be the 28 elements 
in the above Hanani configuration and the integers from 1 to S. For each 
g, 1 < g < 6, adjoin g to the quadruples in the g-th block of the con- 
figuration. Since S < 9 we can take the Vi, 1 < i < 8, to be the 7 
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quadruples of the 9-th block and the set {1,2,..., S}. Then T is the union 
of the disjoint subsets V, , 1 < i < 8. We take the Wj to be the remaining 
56 sets, each of which has order 4 or 5. Now A(12) = 0 by Lemma 13 and 
4(33) = 0 by hypothesis. Hence we can apply Lemma 10 to obtain 
A(3m) = 0 and, moreover, if 36 E N*, then 3m E N*. This completes the 
proof. 
5. THE CASE n A MULTIPLE OF 6 
We will see later that Lemmas 7, 11, 13, and 14 can be used in an 
induction proof to handle all multiples of 6 with the exception of the 
following 7 values of IZ: 
18,24, 30, 36, 42, 78, 138. 
We will now show that d(n) = 0 for these 7 values. It is sufficient to find a 
set of n2/12 quadruples that covers all pairs. The solutions for n = 24, 36 
and 78 were found with the CDC 6600. 
it = 18. Let S be the set of integers from 1 to 18. The following 27 
quadruples cover all pairs of S: 
1 2 3 4 
1 2 5 6 
1 7 14 16 
1 8 11 18 
1 9 13 17 
1 10 12 15 
2 7 12 17 
2 8 13 15 
2 9 11 16 
2 10 14 18 
3 4 9 10 
3 5 I1 12 
3 6 15 16 
3 7 13 18 
3 8 14 17 
4 5 17 18 
4 6 13 14 
4 7 11 15 
4 8 12 16 
5 6 7 8 
5 9 14 15 
5 10 13 16 
6 9 12 18 
6 10 11 17 
7 8 9 10 
11 12 13 14 
15 16 17 18 
n = 24. Of all the cases where n is divisible by 3 the case n = 24 gave 
the most difficulty. The following set of 48 quadruples, which covers all 
pairs, was found with the CDC 6600. 
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1 2 4 13 1 18 19 24 
1 2 5 14 1 20 21 22 
3 4 5 15 2 15 22 23 
1 6 7 15 2 19 20 21 
1 8 9 16 3 14 18 21 
1 10 11 17 3 16 17 22 
2 6 8 17 4 16 18 23 
2 7 10 16 4 17 19 24 
2 9 11 18 5 13 16 21 
3 6 10 13 5 17 18 22 
3 7 9 19 6 14 19 22 
3 8 11 20 6 16 20 24 
4 6 11 21 7 13 14 20 
4 7 8 22 7 17 21 23 
4 9 10 14 8 13 15 18 
5 6 9 23 8 14 23 24 
5 7 11 24 9 13 22 24 
5 8 10 19 9 15 17 20 
1 3 12 23 10 15 21 24 
2 3 12 24 10 18 20 23 
4 5 12 20 11 13 19 23 
6 7 12 18 11 14 15 16 
8 9 12 21 12 13 14 17 
10 11 12 22 12 15 16 19 
If we delete the last element of each of the 24 quadruples on the left we 
obtain a set of 24 triples that covers all pairs of integers from 1 to 12. This 
is indeed the construction for C(12,3,2) given by Fort and Hedlund [4]. 
This system of 24 triples was the input of the computer run. If we delete 
the first element of each of the 24 quadruples on the right we obtain a 
different construction for C(12, 3,2). 
n = 30. Let S be the set of integers modulo 30. Here we take the 
15 quadruples of the form 
s s+7 s+15 s+22, 
0 < s < 14, and the 30 quadruples of each of the following forms: 
s s+2 s+14 s+19 
s s+l s+4 s + 10. 
This gives us a set of 75 quadruples that covers all pairs of S. 
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y1 = 36. Let S be the set of all ordered pairs (r, t) with 1 < r < 3 and 
t an integer modulo 12. We take the 12 quadruples of each of the following 
9 forms: 
(Lt) U,t+ 1) CL+41 U,t+6) 
(1, t> (2, t> (2, t + 1) (2, t + 3) 
(1,t) (3, t) (3, t + 1) (3, t + 4) 
(1, t> (2, t + 4) (2, t + 8) (3, t + 10) 
(1, t> (2, t + 2) (2, t + 7) (3, t + 7) 
(1, t> (2, t + 5) (2, t + 11) (3, t + 3) 
(1, t> (2, t + 9) (3, t + 6) (3, f + 8) 
(1, t> (2, t + 6) (3, t + 9) (3, t + 2) 
(1, t> (2, t + 10) (3, t + 5) (3, t + 11) 
This set of 108 quadruples covers all pairs of S. 
II = 42. Let T be the set of integers modulo 14. For 0 < i < 6 let Vi 
be the pair {i, i + 7). For any t in T let W, be the quadruple 
t t+l t+4 t+6. 
Each pair of T is contained in exactly one of the 21 subsets Vi , Wj . Now 
A(6) = 0 by Lemma 13. Therefore we can apply Lemma 10 to obtain 
A(42) = 0. 
n = 78. We have L(78) = 507. Let S be the set of integers modulo 
78. We take the 39 quadruples of the form 
s s + 13 s + 39 s + 52, 
0 < s < 38, and the 78 quadruples of each of the following 6 forms: 
s s+1 s+ 19 s+41 
s s+63 s+69 s+21 
s s+43 s+53 s+67 
s sf71 s+73 s+27 
s s+47 s+55 s+75 
s s+45 s+49 s+61 
This gives us a set of 507 quadruples that covers all pairs. 
n = 138. Let T be the set of integers modulo 46. We apply Lemma 10 
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where the Vi are the 23 pairs (i, i + 23}, 0 < i < 22, and the Wj are the 
46 sets of each of the following three forms: 
t t-/-2 t + 10 t + 14 t + 43 
t t+ll t+20 t+39 
t t+6 t+21 t+22 
Lemma 10 yields A(138) = 0. 
THEOREM 1. If n is a multiple of 6, then 
C(n, 4,2) = n2/12. 
Proof. Since L(n) = n2/12 our result is equivalent to d(n) = 0. We 
proceed by induction on n. Thus we suppose that d(m) = 0 for all m 
divisible by 6, m < n. 
Suppose, first, that n = 24k. We have already treated n = 24. For 
n > 24, Lemma 7 and the induction hypothesis give us 
Therefore d(n) = 0. 
d(n) < 4d(6k) = 0. 
Thus we may suppose that n = 48k + 36 where 6 = 2,4,6,10,12, or 
14. If 4k > 6, then k > 0, the induction hypothesis gives us d(12k) = 
d(3S) = 0, and Lemma 11 yields d(n) = 0. Thus we may suppose that 
4k < 6. It is readily seen that this happens only for the following 14 
valves of n: 
6, 12, 18, 30, 36,42,66,78, 84,90, 126, 132, 138, 186. 
We have just treated the cases n = 18, 30, 36, 42, 78, and 138. By 
Lemma 13 we have 
A(6) = A(12) = 4(66) = A(126) = 4(132) = 4(186) = 0. 
Finally by Lemma 14 we have 
A(84) = d(90) = 0, 
and the proof is complete. 
6. THE CASE n = 3 (mod 6) 
The following 13 values of n need to be treated separately: 
9, 15,27, 33,39,57,75, 81, 129, 135, 153,201,249. 
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The case n = 9 is the exceptional case and will be treated in the next 
section. We begin by showing that 15,27, 33, 39,75,81, 129, and 135 are 
elements of N*. In other words, for these values of n, the pairs of a set 
S of order n can be covered by one triple and L(n) - 1 quadruples. Our 
solutions for n = 81 and 129 were found with the CDC 6600. 
n = 15. We have L(15) = 19. Let S be the set of integers from 1 to 15. 
The pairs of S are covered by one triple and 18 quadruples. The triple is 
1 2 3 
and the quadruples are 
1 4 5 6 3 5 12 14 
1 7 8 9 36 8 9 
1 10 11 12 3 7 11 15 
1 13 14 15 4 8 11 14 
2 4 5 7 4 9 12 15 
2 6 11 15 5 8 10 15 
2 8 12 13 5 9 11 13 
2 9 10 14 6 7 10 14 
3 4 10 13 6 7 12 13 
Next we suppose that n = 27,33,39,81, or 129. We set n = 3k + 3. 
We take the n elements of the set S to be the integers modulo 3 and the 3k 
ordered pairs (r, t) where r is an integer module 3 and t is an integer 
modulo k. In all 5 cases we take our triple to be the set 
of integers module 3. 
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n = 27. Here k = 8 and L(n) = 61. We take the quadruples to be the 
6 quadruples of each of the 4 forms 
r (r, t) (r + 1, t + 2) (r + 2, t + 4) 
r (r,t+2) (r+Lt) (r + 2, t + 6) 
r (r,t+4 (r+l,t+6) (r+Zt) 
r (r,t+6) (r+ Lt+4) G-+&t+21 
with t = 0, 1, the 12 quadruples of the form 
(r, t> (r, t + 1) (r, t + 4) (r, t + 5) 
with 0 < t < 4, and the 24 quadruples of the form 
(r, t> (r + 1, t + 1) (r + 1, t + 3) (r + 2,O. 
The triple and these 60 quadruples cover all pairs of S. 
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n = 33. Here k = 10 and L(n) = 91. We take the quadruples to be 
the 30 quadruples of each of the following 3 forms: 
tr + I, t + 3) 
;r, t) ‘(:I :‘+ 1) (I, t + 5) 
tr + 2, t + 1) 
tr + 1, t + 1) 
(r, t) tr, t + 2) tr + 1, t + 4) (r + 1, t + 7) 
The triple and these 90 quadruples cover all pairs of S. 
IZ = 39. Here k = 12 and L(n) = 127. We take the quadruples to be 
the 18 quadruples of the form 
(r, 0 (r, t + 1) (r, t + 6) (r, t + 7) 
with 0 < t < 6, and the 36 quadruples of each of the following 3 forms: 
;I, 0 
(r, t> (r+ l,t+6) tr + 2, t + 2) 
tr, t + 2) tr + 1, t + 1) tr+ 1,t+4) 
tr, t> tr+l,t+3) tr+ L+7) tr + 2, 0 
The triple and these 126 quadruples cover all pairs of S. 
n = 81. Here k = 26 and L(n) = 547. We take the quadruples to be 
the 78 quadruples of each of the following 7 forms: 
p; ‘;I::‘+ 1) 
(r + 1, t + 3) tr + 2, t + 9) 
tr, t + 3) (r, t + 7) 
t:: t> 
tr, t + 5) (r, t + 13) (r + 2, t> 
tr + 1, t + 1) (r + 1, t + 10) (r + 2, t + 8) 
tr, 0 tr+ l,t+% (r + 1, t + 19) (r + 2, t + 4) 
tr, t> tr + 1, t + 12) tr+ l,t+23) (r+%+ 11) 
try 0 tr+ l,t+4) (r + 1, t + 16) (r + 2, t + 24) 
The triple and these 546 quadruples cover all pairs of S. 
n = 129. Here k = 42 and L(n) = 1387. We take our quadruples to 
be the 126 quadruples of each of the following 11 forms: 
;I, t> 
tr, t> tr+ Lt+6) (r + 2, t + 18) 
(r, t + 1) tr, t + 3) tr, t + 7) 
(r, t> (r, t + 5) tr, t + 13) (r + 2, t> 
try t> tr, t + 9) tr, t + 19) tr + 2, t + 41) 
try 0 tr, t + 11) (r, t + 25) tr + 2, t + 39) 
(r, 4 (r+ l,t+4) tr + 1, f + 16) (r + 2, t + 1) 
(r, 0 (rt l,t+8) tr+ l,t+23) tr + 2, t + 2) 
try t) tr + 1, f + 15) tr + 1, t + 31) (r + 2, t + 8) 
(r, t) tr+ l,t+V (r + 1, t + 25) (r + 2, t + 9) 
(r, t> tr + 1, t + 17) tr + 1, t + 37) (r + 2, t + 13) 
(r,t) tr+ l,t+9) tr+ l,t+30) tr + 2, t + 20) 
The triple and these 1386 quadruples cover all pairs of S. 
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n = 75 and 135. We set n = 60k + 15 where k = 1 or 2. Set 
m = n/3 = 20k + 5 and let T be a set of order m. Let S be the 
set of order n that consists of the ordered pairs (Y, t) with 1 < r < 3 and 
te T. We put 
c=m(m-l)/20=20k2+9k+1. 
Since 4k + 1 is a prime power, it follows from Lemma 12 that there is a 
collection of c quintuples W, , W, ,..., WC such that each pair of T is 
contained in exactly one of them. Let x be a fixed element of T. There are 
exactly 5k + 1 of the sets Wi that contain x, say W, , W, ,..., W, , where 
e = 5k + 1. Each element t in T, t # x, is contained in exactly one of 
these 5k + 1 sets. For 1 < i < e, let Yi be the 15 element set consisting of 
the pairs (r, t) with t E Wi . We have already shown that 15 E N*. There- 
fore there is a collection of 18 quadruples QiU , 1 < u < 18, such that 
these 18 quadruples and the triple 
(13 4 c&x> (3,x) 
cover all pairs of Yi . The triple is independent of i and we denote it by P. 
For each j, e < j < c, let Rj, , 1 < u < 15, be a set of 15 quadruples, 
whose existence is guaranteed by Lemma 9, that covers all pairs of S of the 
form (rl , tl), (r2 , t2) with tl and t, distinct elements of Wj . Then the 
triple P, the 18e quadruples Qi, , 1 < i < e, 1 < u < 18, and the 15(c - e) 
quadruples Rj, , e < j < c, 1 < u < 15 cover all pairs of S. Now 
18e + 15(c - e) = 15c + 3e 
= 300k2 + 150k + 18 = L(n) - 1. 
Therefore n belongs to N*. 
We will use the next lemma to handle the cases n = 57,153,201, and 
249. 
LEMMA 15. Suppose that 6k + 3 is in N* and that two orthogonal Latin 
squares of order 3 can be extended to orthogonal Latin squares of order 
6k + 2. Then A(24k + 9) = 0. 
ProoJ Set n = 24k + 9 and let the n elements of the set S be the 
single element x and the 24k + 8 ordered pairs 
(r, t), 1 < r < 4, 1 < t < 6k + 2. 
By Lemma 4 there is a set I’ of 36k2 + 24k - 5 quadruples that covers 
all pairs of S of the form (rl , tJ, (r2, tz> with rI i: r2 and at least one of 
t1 , t, greater than 3. By Theorem 1 there is a set of 12 quadruples, 
PI , p, ,***, PI2 , that covers all pairs of S of the form (rI , t,), (r, , t2) with 
t, , t2 < 3. Let V, be the set of order 6k + 3 consisting of x and the 
elements (r, t), 1 < t < 6k + 2. Now L(6k + 3) = 3k2 + 3k + 1. 
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Since 6k + 3 is in N* there is a collection QrU , 1 < u < 3k2 + 3k, of 
3k2 + 3k quadruples such that these quadruples and the triple 
(r, 1) (r, 2) (r, 3) 
cover all pairs of V,. . We have L(n) = 48k2 + 36k + 7. We take our 
L(n) quadruples to be the 36k2 + 24k - 5 elements of r, the 12k2 + 12k 
quadruples Qru , 1 < r < 4, 1 < u , < 3k2 + 3k, and the 12 quadruples 
Pi , 1 < i < 12. This set of quadruples covers all pairs of S, which proves 
the lemma. 
We will now show that a pair of orthogonal Latin squares of order 3 
can be extended to a pair of orthogonal Latin squares of order m for 
m = 10, 14, 38, 50, and 62. We need the result for the extra case m = 10 
to handle the case m = 50. Our constructions are due, in essence, to Bose, 
Shrikhande, and Parker [2]. 
Let R be a set of order 4, T a set of order m, and U a subset of T of 
order 3. Let S be the set of ordered pairs (r, t), r E R, t E T. By Lemma 4 
it is sufficient to exhibit a set of m2 - 9 quadruples that covers all pairs 
(rl , tl), (r2 , t.J of S with rl # r2 and at least one of t, , t2 not in U. 
m = 10. Let R be the additive non-cyclic group of order 4, and let 
rl , r2 , r3 , r, be the elements of R. Let the elements of U be u1 , u2 , us , 
and let T consist of the integers modulo 7 and the elements of U. We take 
our 91 quadruples to be the 7 quadruples of the form 
(rl 9 t) (I2 , t> (r3 y t) (r4 v 0, 
where t is an integer modulo 7, and the 84 quadruples of the form 
(r + rl , t) (r + r2 , t + 9 (r + r3 , t - i) (r + r4 , ui), 
where r E R, t is again an integer modulo 7, and 1 < i < 3. 
m = 14. Here we take R to be the integers modulo 4. Let the elements 
of U be u1 , u2 , u, , and let T consist of the integers modulo 11 and the 
elements of U. Our set of 187 quadruples consists of the 11 quadruples of 
the form 
(03 0 (1, t) (29 t) (3,0, 
where t is an integer modulo 11, and the 44 quadruples of each of the 
following four forms: 
I;:; (r+ l,O (r + 2, t + 4) (r + 3, t + 1) 
y-1 $) I: z :: :; 
(r + 2, t + 6) (r + 3, t + 2) 
(r + 2, t + 9) (r + 3, t + 8) 
r, (r + 1, t + 1) (r + 2, t + 4) (r + 3, f + 6) 
with t again an integer modulo 11. 
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m = 38 and 62. Let R be the set of integers from 1 to 4. Let W be the 
set of integers module m + 3. We first observe that there is a set of 
(m + 3)(m + 2)/20 quintuples, such that each pair of W is contained in 
exactly one of them. For m = 62 this follows from Lemma 12. For 
m = 38 we use the set of 82 quintuples of W that consists of the 41 
quadruples of each of the following two forms: 
W wf9 wf 15 w+ 17 w  + 36 
W w+3 w+4 w+ 16 w  + 34 
This set of quintuples was discovered by Bose [I]. 
Let us take 3 fixed elements of W that do not belong to the same 
quintuple. We take T to be the set of order m obtained by deleting these 3 
elements from W. Deleting the same 3 elements from the quintuples in 
which they occur we obtain a collection of 3 triples, 3(m - 6)/4 quadruples, 
and (m” - 10m + 36)/20 quintuples that covers all pairs of T. Moreover 
these 3 triples are disjoint. Let U be one of these triples, and denote the 
other two by C, , C, . Denote the quadruples by D, , D, ,..., Dd and the 
quintuples by E1, E, ,..., E, where d = 3(m - 6)/4 and 
e = (m” - 10m + 36)/20. 
Let S be the set of ordered pairs (I, t), 1 < r < 4, t E T. Forj = 1 or 2 
let Fj, , 1 < u < 9, be a set of 9 quadruples, whose existence is guaranteed 
by Lemma 3, that covers all pairs (r 1 , tl), (r, , t2) of S with rI # r2 and 
t,,t2ECi.For1 <j<dletGjU, 1 < u < 12, be a set of 12 quadruples, 
whose existence is guaranteed by Lemma 5, that covers all pairs (r, , tl), 
(r, , t2) of S with rl # r2 and t, , t, distinct elements of Dj . For 1 < j < e, 
let Hj, , 1 < u < 20, be a set of 20 quadruples, whose existence is guaran- 
teed by Lemma 5 that covers all pairs (rl , tl), (r2 , t2) of S with rl # r2 and 
t, , t, distinct elements of Ei . Our m2 - 9 quadruples are the 18 quadruples 
Fju, 1 <j < 2,1 < u < 9, the 12dquadruples Gju, 1 <j < d, 1 < u < 12, 
the 20e quadruples Hi, 1 < j < e, 1 < u < 20, and the m - 9 quadruples 
of the form 
(130 (23 t> (3, t) (4,O 
with t E T, t $ U, C, , C, . 
m = 50. We have already shown that any two orthogonal Latin squares 
of order 3 can be extended to orthogonal Latin squares of order 10. It is 
sufficient to show that any two orthogonal Latin squares of order 10 can 
be extended to orthogonal Latin squares of order 50. Our method goes 
back to MacNeish [9]. 
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Let A be the integers modulo 5 and let B be any set of order 10. Let T 
be the set of order 50 consisting of the ordered pairs (a, b) with a E A and 
b E B. We let U be the subset of T consisting of the 10 elements (0, b) with 
b E B. Let R be any subset of A of order 4, say (0, 1,2, 3). Let S be the set 
of order 200 consisting of the ordered triples (r, a, b) with r E R, a E A, and 
b E B. Given any fixed a, and a2 in A there exists, by Lemma 3, a set of 
100 quadruples that cover all pairs of S of the form 
(rl , a1 + r1a2 , bl) k2 , al + r2a2 , b2) 
with rl f r2 . Letting a, and a2 run over all elements of A, not both zero, 
we obtain a set of 2400 quadruples that covers all pairs of S of the form 
trl , aI , bd tr2 ,a2 , bJ 
with r1 # r2 and a, , a2 not both zero. The condition a, , a2 not both zero 
is equivalent to the condition that (a, , b,) and (a2 , b,) are not both in U. 
Therefore we may apply Lemma 4 to conclude that two orthogonal Latin 
squares of order 10 can be extended to orthogonal Latin squares of order 
50. Therefore two orthogonal Latin squares of order 3 can be extended to 
orthogonal Latin squares of order 50. 
We have already shown that 15 and 39 are in N*. Applying Lemma 11 
with k = 6 = 1, we obtain 51 E N*. From Lemma 13 we obtain 63 E N*. 
It now follows from Lemma 15 that 
4(57) = 4(153) = 4(201) = d(249) = 0. 
THEOREM 2. If n = 3 (mod 6), II # 9, then 
C(n, 4,2) = (n” + 3)/12. 
Proof. Since L(n) = (n” + 3)/12 our result is equivalent to d(n) = 0. 
We proceed by induction on n. Thus we suppose that A(m) = 0 for all 
m = 3 (mod 6), m < n, m # 9. 
By Lemma 8 and Theorem 1 we have A(n) = 0 for all it = 21 (mod 24). 
Therefore we may suppose that y1 = 48k + 36 with 6 = 1, 5, 9, 11, 13, or 
19. If 4k > 6, then k > 0, Theorem 1 gives us A(12k) = 0, the induction 
hypothesis gives us A(36) = 0, so that Lemma 11 yields A(n) = 0. Thus 
we may suppose that 4k -C 6. It is readily seen that this happens only for 
the following 18 values of n: 
3,15,27,33,39,57,63,75,81,87,105, 123,129,135,153,183,201,249. 
We have just treated the 12 cases n = 15, 27, 33, 39, 57, 75, 81, 129, 135, 
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153, 201, 249. If follows from Lemma 13 that 3, 63, 123, and 183 are 
elements of N* so that d(n) = 0 for these 4 values of n. Finally by Lemma 
14 we have 
A(87) = A(lO5) = 0, 
which completes the proof. 
7. THE EXCEPTIONAL CASE 
We have shown that C(n, 4,2) = L(n) for all IZ divisible by 3 except 
12 = 9. We will now treat the case n = 9. We have 
L(9) = 7. 
THEOREM 3. C(9,4,2) = 8. 
Proof. We have C(9,4,2) 3 L(9) = 7. Let the elements of S be the 
first 9 positive integers. 
Suppose first that C(9,4,2) = 7 and let Q, , Q, ,..., Q, be a set of 7 
quadruples that covers all pairs of S. By Lemma 2 there are six pairs, each 
of which is contained in exactly two of these 7 quadruples, and there is one 
element t of S that appears in four of these six repeated pairs. Each element 
s in S, s # t, is contained in exactly three of the quadruples and in only 
one repeated pair. Without loss of generality suppose that { 1,2} is one of 
the two repeated pairs that does not contain t. We may further suppose 
that the quadruples containing both 1 and 2 are 
1 2 3 4 and 1 2 5 6. 
Then the third quadruple containing 1 must be 
1 7 8 9, 
and the third quadruple containing 2 must be 
2 7 8 9. 
Thus the pairs 17, 81, (7, 91, and (8, 9} each appears twice in our 
7 quadruples, which is impossible. Therefore C(9, 4, 2) > 7. 
Now the two triples 
2 7 9 3 5 8 
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and the six quadruples 
1 2 3 4 2 4 6 8 
1 2 5 6 3 6 7 9 
1 7 8 9 4 5 7 9 
cover all pairs of S. Therefore C(9,4,2) < 8. Thus we have shown that 
C(9,4,2) = 8, d(9) = 1, and the proof is complete. 
Theorems 1,2, and 3 determine C(n, 4,2) for all n divisible by 3. Our 
methods enable us to construct a suitable set of C(n, 4,2) quadruples for 
any given 71 that is divisible by 3. 
It seems likely that N* contains all odd multiples of 3 except 9. We have 
proved this for many special values. If it could also be proved that N* 
contains 21,45,57,69,93,141,153,189,201, and249, then Lemmas 11, 13, 
and 14 could be applied to prove that N* indeed contains all odd multiples 
of 3 except 9. 
There remain the cases IZ = 1,2 (mod 3). In these cases C(n, 4,2) has 
been determined for all but a few values of n. This work will be covered in 
a subsequent paper. 
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